Abstract Despite their appealing features, models with gaugemediated supersymmetry breaking (GMSB) typically present a high degree of fine-tuning, due to the initial absence of the top trilinear scalar couplings, A t = 0. In this paper, we carefully evaluate such a tuning, showing that is worse than per mil in the minimal model. Then, we examine some existing proposals to generate A t = 0 term in this context. We find that, although the stops can be made lighter, usually the tuning does not improve (it may be even worse), with some exceptions, which involve the generation of A t at one loop or tree level. We examine both possibilities and propose a conceptually simplified version of the latter; which is arguably the optimum GMSB setup (with minimal matter content), concerning the fine-tuning issue. The resulting fine-tuning is better than one per mil, still severe but similar to other minimal supersymmetric standard model constructions. We also explore the so-called "little A 2 t /m 2 problem", i.e. the fact that a large A t -term is normally accompanied by a similar or larger sfermion mass, which typically implies an increase in the fine-tuning. Finally, we find the version of GMSB for which this ratio is optimized, which, nevertheless, does not minimize the fine-tuning.
Introduction
Models with gauge-mediated supersymmetry breaking (GMSB) [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] , have become one of the most popular supersymmetric scenarios. In these models the breakdown of supersymmetry (SUSY) takes place in a hidden sector and is radiatively transmitted to the visible sector via heavy particles a e-mail: alberto.casas@uam.es b e-mail: jesus.moreno@csic.es c e-mail: sandra.robles@uam.es d e-mail: krzysztof.rolbiecki@desy.de (messengers) that are charged under the standard gauge interactions. The main merit of GMSB models is that they automatically imply universality of soft terms (associated to fields with the same quantum numbers), thus avoiding dangerous flavour-changing neutral currents (FCNC) effects. On the other hand, these models typically present a high degree of fine-tuning, a problem which is accentuated by the rather high Higgs mass and by the initial absence of (stop) scalar trilinear coupling. In this paper, we carefully compute this fine-tuning and explore the possibilities to reduce it as much as possible, keeping the minimal matter content.
Let us briefly review the formulation of GMSB models. One starts with a set of messenger superfields coupled to the superfield X which breaks SUSY in the hidden sector, thanks to a non-vanishing VEV of its auxiliary component, F X = 0. Typically, the scalar component of X gets a VEV as well, contributing to the masses of the messengers. Schematically, the relevant superpotential reads
where Φ andΦ collectively denote the messenger superfields, k is a dimensionless coupling andM mess is a messenger mass term. In general, there can be different couplings and masses for the various messengers, though usually they are taken universal for simplicity. Then, without loss of generality, one can re-define the scalar component of X either to makeM mess = 0 or X = 0. The masses of the fermionic components of the messengers are simply M mess =M mess + k X , while the masses of the scalar partners arise from the mass-squared matrix
Consequently, the requirement of positive masses demands
where
If the messengers form complete SU(5) representations, then gauge unification is preserved. Hence, a usual (and somehow minimal) choice is that the messenger sector consists of N 5 copies of fundamental representations, 5 +5. With this minimal content, the gauginos and sfermions of the minimal supersymmetric standard model (MSSM) get masses at one loop and two-loops respectively, namely [12] [13] [14] :
Here α i = g 2 i /4π stand for the usual gauge couplings, C i are the corresponding quadratic Casimir (see Appendix A.1 for further details). The above expressions are to be understood at the high scale, M HE , where the effects of SUSY breaking are transmitted to the observable sector, which coincides with the messenger mass, M HE = M mess . Altogether the minimal GMSB scenario has only four independent parameters,
(plus the discrete O(1) number N 5 ), in contrast with the 5 parameters of the constrained MSSM: {m 0 , M 1/2 , A, µ, B}. Hence, the GMSB is a highly predictive and well-motivated MSSM, and thus with extremely interesting phenomenology. In this sense, a distinctive feature of GMSB models is that, unlike the constrained MSSM, the soft masses are different for particles with different quantum numbers, although they are independent of the family. This partial universality is enough to avoid dangerous FCNC effects, which is an important success of GMSB. On the other hand, there is no clear mechanism to generate neither a µ-term for the two Higgses in the superpotential (W ⊃ µH u H d ), nor the corresponding soft bilinear scalar coupling, B. A usual procedure is to assume that µ and B have appropriate values at low energy in order to produce the required VEVs for the two Higgses, H u 2 + H d 2 = H SM 2 , and a reasonable value of tan β ≡ H u / H d . Incidentally, this is exactly the strategy followed in the constrained MSSM.
One of the most problematic aspects of the GMSB scenario is the initial absence of trilinear scalar couplings, A i = 0, in particular the one associated with the top, A t . Although a non-vanishing A t is generated along the renormalization group (RG) running from high to low energy, its final value is rather small. The consequence is that the threshold correction to the Higgs mass, m h , is far from its maximal value, and thus the stop masses must be quite large in order to generate sizeable radiative corrections to m h , able to reconcile its value with the experimental one. Such large stop masses (around 10 TeV) imply in turn a severe fine-tuning in order to get the right electroweak (EW) breaking scale. The reason is that, along the RG running, the soft masses of the Higgses (in particular m 2 H u ) receive important contributions proportional to the stop masses. Then a tuning of parameters (essentially between m 2 H u and µ 2 ) is necessary to get the correct expectation values of the Higgses. Typically such large stops lead to fine-tunings of one per mil or per ten thousand [15] .
This problem has been addressed in the literature following different strategies . Keeping a minimal matter content, the only way out is to devise some mechanism able to generate the desired A-terms ab initio. This requires nontrivial couplings between the messengers and the MSSM superfields in the superpotential. The most studied scenarios involve the generation of A-terms through loops. This idea was first considered in ref. [16] and further developed in ref. [17] and in many other papers [18-23, 25-29, 33, 34] . In ref. [33] , Evans and Shih performed an extensive survey of this type of models, finding out the most favourable ones for the fine-tuning. Also, in ref. [34] , Calibbi et al. studied in depth a model of this kind, showing explicitly how a maximal A t can be generated, allowing for much lighter stops.
Later, a mechanism for tree-level generation of an A tterm has been explored in ref. [41] , where the authors stress the so-called "little A 2 t /m 2 problem" [25] , i.e. the fact that a large A t -term is normally accompanied by a similar or larger sfermion mass-squared, which typically implies an increase in the fine-tuning.
In this paper, we re-visit the computation and the prospects of the fine-tuning associated with GMSB models and propose a simple scenario, which alleviates this problem as much as it is possible (at least playing with minimal matter content). In section 2, we expound the strategy for the computation of the fine-tuning in the MSSM, particularizing to the GMSB scenario. We also comment on the importance of a reliable computation of the Higgs mass, especially when the stops are heavy (which is the usual case in GMSB). In this sense, we use the most recent codes for the Higgs mass computation, showing that previous analyses underestimated the fine-tuning of GMSB. In section 3, we compute the fine-tuning of the minimal GMSB set up, showing that it is a few per ten thousand. Section 4 is devoted to models with radiatively generated A-terms. We refine the fine-tuning calculation for the most favourable case, according to Evans and Shih [33] , and compute it for the scenario proposed by Calibbi et al. [34] . We show that, in the latter case, even though the stop masses become smaller than in the minimal GMSB, the finetuning does not improve; actually, it gets worse. In section 5, we consider the tree-level generation of A-terms, in the spirit of ref. [41] . We explore this scenario, simplifying it to some extent and looking for the version that optimizes the fine-tuning (which does not necessarily coincides with the one that minimizes the little A 2 t /m 2 problem). In the best case scenario, the fine-tuning can be better than one per mil. This is still a severe fine-tuning, but much milder than other versions of gauge-mediation (at least with minimal observable matter content), and of the same order as in other MSSMs. Finally, in section 6 we present our conclusions.
2 Computing the electroweak fine-tuning
The fine-tuning of the MSSM
Let us start considering the origin and measure of the electroweak fine-tuning in the MSSM, as the GMSB scenario is a particular case of it. In the MSSM, the vacuum expectation value of the Higgs,
is given at tree level by the minimization relation
As is well known, the value of tan β must be rather large, so that the tree-level Higgs mass, (m 2 h ) tree−level = M 2 Z cos 2 2β , is as large as possible, M 2 Z ; otherwise, the radiative corrections needed to reconcile the Higgs mass with its experimental value, would imply gigantic stop masses and thus an extremely fine-tuned scenario. Then eq. (8) gets simplified,
The absolute values of the two terms on the r.h.s. are typically much larger than M 2 Z , hence the potential fine-tuning associated to the electroweak breaking. The radiative corrections to the Higgs potential somewhat reduce the fine-tuning due to the running of the effective quartic coupling of the SM-like Higgs from its initial value at the SUSY threshold, 1 λ (Q threshold ) = 1 8 (g 2 + g 2 ), until its final value at the electroweak scale, λ (Q EW ). Essentially, this is equivalent to replace M 2 Z → m 2 h in eq. (9) above (for more details see ref. [15] ), i.e.
which is the expression from which we evaluate the electroweak fine-tuning in the MSSM. We emphasize here that in this expression µ 2 and m 2 H u are to be understood at low energy.
In order to quantify that fine-tuning a common practice is to use the parametrization first proposed by Ellis et al. [42] and Barbieri and Giudice [43] , which in our case reads
where θ i is an independent parameter that defines the model under consideration and ∆ θ i is the fine-tuning parameter associated to it. Very often in the literature (see e.g. [44] ), the initial (high-energy) values of the soft terms and the µ parameter are considered as the independent θ i parameters in the previous expression. However, for specific scenarios of SUSY breaking and transmission to the observable sector, the initial parameters are those that define the scenario and hence determine the soft terms as a by-product. We will discuss this point soon for the specific case of the GMSB framework.
The value of ∆ can be interpreted as the inverse of the p-value to get m 2 h from eq. (10) equal or smaller than the experimental m 2 h . Note here that if θ is the parameter that gives the maximum ∆ -parameter and δ θ represents the θ -interval for which m 2
where we have expanded m h (θ ) 2 to first order; for more details on the statistical meaning of ∆ see refs. [15, 45] .
Application to GMSB models
The low-energy (LE) values of µ 2 and m 2 H u entering eq. (10) are related to the high-energy (HE) values of all the soft masses and µ through the RG-equations. Fortunately, dimensional and analytical consistency dictates the form of the dependence,
where M i are the SU(3) × SU(2) × U(1) Y gaugino masses; A t is the top trilinear scalar coupling; and m H u , m Q 3 , m U 3 are the masses of the H u Higgs doublet, the third-generation squark doublet and the stop singlet, respectively, all of them understood at the HE scale. The numerical coefficients, c M 2
, . . . are obtained by fitting the result of the numerical integration of the RGEs to eqs. (13) and (14), a task that was carefully performed in ref. [15] .
Nevertheless, the independent parameters of GMSB are not the HE soft parameters, but Λ , µ, M mess and B, as in eq. (7). In particular, for the simplest GMSB, the gaugino and scalar masses are given by eqs. (5) and (6) , while A i = 0. Therefore, neglecting the higher-order corrections in x in eqs. (5) and (6), i.e. for x 1, the r.h.s. of eq. (13) is proportional to Λ 2 , as well as µ(LE) is proportional to its initial value at HE. Plugging these expressions in eqs. (10) and (11) we find that the fine-tuning in Λ and µ simply read
Since m 2
, the fine-tuning associated to Λ and µ are almost exactly the same. Actually, they are somehow redundant since the value of m 2 h arises as a cancellation between both quantities, eq. (10).
Of course, for a particular value of Λ , the corresponding m 2 H u (LE) depends on the initial HE scale at which eqs. (5) and (6) should be evaluated. Therefore, the EW fine-tuning depends on M mess . Actually, by continuity one expects a value of M mess for which m 2
(LE) is negative, while for M mess = M LE it is positive. So, there is a particular choice of M mess between these two scales for which m 2 H u (LE) = 0, and therefore the fine-tuning disappears! In other words, for some clever choice of the high-energy scale the simplest GMSB scenario presents a global focus point. We will see soon which scale is that. But, in any case, notice that this is not the end of the story. M mess is an independent parameter itself, so if we allow ourselves to choose it at convenience there is a fine-tuning parameter associated with M mess ,
This fine-tuning is normally smaller than the one associated to Λ , since the dependence of m 2
Finally, if one goes beyond the minimal GMSB model, e.g. by including non-trivial couplings between the messengers and the chiral fields in the superpotential, as mentioned in the Introduction, then there are additional independent parameters (the values of those couplings), whose associated fine-tuning should be computed and taken into account in eq. (11) . All these issues will be illustrated in the following sections.
The Higgs mass issue
As is well known, radiative corrections to the Higgs mass are needed in the MSSM in order to reconcile it with the experimental value. A simplified expression of such corrections, obtained at the leading-log approximation [46] [47] [48] 
with mt the average stop mass and X t = A t − µ cot β . The X t -contribution arises from the threshold corrections to the quartic coupling at the stop scale. At this level, the threshold correction is maximized for X t = ± √ 6mt . In order to obtain a reliable expression for the Higgs mass, especially when the stops are heavier than 1 TeV, higherorder corrections are crucial. There are in the literature several codes that cope with this problem. Among the most recent ones are the last versions of FeynHiggs [49] [50] [51] [52] [53] and SusyHD [54] . It turns out that, typically, previous codes overestimated the Higgs mass in the large-stop-mass regime. This is quite relevant for the computation of the GMSB finetuning. In these models, the absence of an initial A t soft term implies that the threshold correction is far from maximal, hence m h 125 GeV requires large stop masses. The fact that the latter were underestimated in previous codes implies that the required value of Λ , and thus the fine-tuning, was also underestimated.
In order to illustrate the Higgs mass dependence on the (averaged) stop mass and A t at the LE scale, we show in figure 1 contour lines of constant m h in the mt -A t plane. We have calculated the Higgs mass with FeynHiggs 2.11.3 [49] [50] [51] [52] [53] (dashed cyan lines) and SusyHD 1.0.2 [54] (solid blue lines) with parameters in the OS-scheme, taking the soft stop masses as degenerate for simplicity, µ = 200 GeV and tan β = 10. Note that for a moderately large value of tan β , as usual, X t A t (LE).
For a given value of the Higgs mass, the minimum stop mass occurs for the two values of A t (LE) that maximize the threshold correction, A t (LE) − µ cot β ±2mt (note that this value slightly departs from the previous leading-order one, ± √ 6mt ). As long as A t (LE) departs from the maximizing value, larger stop masses are required to reproduce the Higgs mass. Typically, for the same stop mass, the FeynHiggs result for m h is ∼ 2 GeV larger than the SusyHD one. This has a non-negligible impact in the calculation of the finetuning. In the next sections, we present our results using both codes.
The fine-tuning of the minimal GMSB
The minimal GMSB scenario, as it was defined in the Introduction (see eq. (7)), has only four independent parameters, {Λ , M mess , µ, B}. The tuning associated with Λ is given by eq. (15) , which is equivalent to that of µ, eq. (16). As discussed in section 2.2, one expects some value of M mess for which m 2 However, there is a drawback that make this solution unworkable. As is clear from the right panel of figure 3 , the value of Λ required to produce heavy enough stops, so that the Higgs mass is consistent with the experimental one, is rather large, Λ O(10 6 ) GeV. Consequently, the focuspoint solution occurs for Λ > M mess , which leads to negative mass-squared for some (scalar components of) messengers, that is not acceptable (it would lead to charge and color breaking).
Figures 3, 4 and 5 show mt , ∆ Λ and ∆ M mess respectively, in the acceptable region (which does not include the focuspoint for the above-mentioned reason), for two choices of the number of messengers, namely N 5 = 1 and N 5 = 3, and tan β = 10. The figures have been obtained using the complete expressions for the initial values of the soft masses given in Appendix A.1. The two fine-tunings were evaluated along the lines of subsection 2.2, with the RG-parameters computed as in ref. [15] . 2 Notice that the fine-tuning associated to M mess , which is an independent parameter in this context, is always lower than ∆ Λ .
The bottom line is that the electroweak fine-tuning for the minimal GMSB is very large, O(10 4 ) for m h = 125 GeV, evaluated with SusyHD, although it can be below 10 3 if we compute m h with FeynHiggs and allow m h = 123 GeV, to account for theoretical uncertainties. From now on we will take this conservative value for m h to compare the fine-tuning of different scenarios, independently of the code used to compute m h . The main cause of the large fine-tuning is the small value of A t , which leads to large stop masses in order to reproduce the experimental Higgs mass. Those stop masses require in turn a large value of Λ , increasing the value of m 2 H u (LE) and thus the fine-tuning. The latter is actually more severe than previous estimates in the literature since previous codes used to evaluate the Higgs mass did not work with enough accuracy for large stop masses.
Consequently, in order to make the GMSB scenario less fine-tuned one has to go beyond this minimal setup, exploring mechanisms to incorporate a non-vanishing A t . This is the subject of the next two sections. 
Models with radiatively generated A-terms
The possibility of generating A-terms through loops thanks to messenger-MSSM interactions has been analyzed in many papers; see refs. [18-23, 25-29, 33, 34] . In ref.
[33], Evans and Shih performed an extensive survey of this type of models. Namely, they considered both, scenarios with cubic MSSM-MSSM-messenger or MSSM-messenger-messenger operators in the superpotential. Besides, they distinguished between cases where the relevant messengers are squark-like or Higgs-like. They concluded that all scenarios had finetunings to the sub-percent level. Actually, all scenarios analyzed had tunings at the sub-permil level, except one, based on the coupling
which had ∆ 850. Here, φ 10,Q denotes the Q-like component of a messenger in the 10 representation of SU(5) (for further details see ref. [33] ). The corresponding one-loopgenerated A-term can be read from Appendix A.2. The mentioned fine-tuning represents an appreciable improvement over the minimal GMSB model, analyzed in the previous section, where the minimal fine-tuning was slightly above 1000, and typically was > ∼ 2500. Nevertheless, in order to compare the performance of both models, the tuning must be evaluated with the same criteria. Here, we re-analyzed the Evans and Shih model defined by eq. (19) in an improved fashion, consistent with the analysis of the minimal case (section 3). First of all, we include the exact two-loop corrections to the scalar masses, whereas in ref. [33] these corrections were approximated by the first term in their x-expansion (x has been defined in eq. (4)); see Appendix A.2 for further details. Second, as discussed in previous sections, in order to calculate the Higgs mass we have used the more recent versions of FeynHiggs and SusyHD, while the authors of ref. [33] used the SOFTSUSY code [55] . It is known that, for given supersymmetric parameters, SOFTSUSY produces a larger value for m h especially when the stops are heavy [54, 56] , which is the typical case in GMSB. Consequently, their results are more optimistic than ours. On the other hand, we have allowed the theoretical value of m h to be as low as 123 GeV to account for theoretical uncertainties, whereas in ref. [33] m h was fixed at 125 GeV. Finally, the fine-tuning criterion in ref. [33] was also (slightly) different. Instead of considering Λ as an independent parameter, and thus evaluating ∆ Λ , they considered a bunch of independent parameters:
[33] for the precise definition of Λ 1−loop ). Certainly, the various contributions to m 2 H u (LE) are proportional to the various (squared) couplings in the theory (gauge couplings, Yukawa couplings and the λ -coupling) times Λ . In this sense, their criterion captures the level of "conspiracy" between different terms. However, all those couplings (except λ ) are fixed by experiments, and it is contrived to examine variations of parameters which are fixed [45, 57, 58] . Then, the possible variations of all those terms arise from those of Λ and are thus correlated. This criterion normally increases the fine-tuning, since a certain variation in logΛ modifies more the value of log m 2 H u (LE) than the same variation in logΛ i . Fig. 6 shows the fine-tuning, ∆ in the plane λ − Λ , evaluated according to our criterion for the model defined by the extra term (19) and M HE = M mess = 10 8 GeV, N 10 = 1 and tan β = 10. For small λ , the fine-tuning is dominated by ∆ Λ , while for large λ by ∆ λ ; thus the kink in the contour lines. The minimal fine-tuning is about 1500 when m h is computed with SusyHD, and close to 250 when computed with FeynHiggs. This represents a certain improvement w.r.t. the minimal GMSB.
In a later paper, Calibbi et al. (CPZ) [34] considered a version of radiatively generated A-terms. More precisely, they considered the following term in the messenger superpotential:
where Q 3 ,U 3 are the third generation of quark superfields and Φ H u is the SU(2) doublet (included in the messenger superfield Φ) with the same quantum numbers as H u . Again, a trilinear scalar coupling for the stops is generated at one loop, see Appendix A.2. One can imagine that the λ U coupling is related in some way to the standard Yukawa couplings, which justifies neglecting similar terms for other superfields. In addition to the trilinear coupling, there appear new contributions to the scalar masses [21, 34] at one loop and two loops; see Appendix A.2. Next we re-visit this model in greater detail, to show the obstacles to reduce the fine-tuning in this kind of scenarios. For large enough λ U (not far from the top Yukawa coupling), the generated A t -term can have the appropriate size at low energy to maximize the threshold correction to the Higgs mass or, in other words, to minimize the magnitude of the stop masses in order to reconcile m h with the experimental value. According to CPZ, the requirement m h > 123 GeV can be fulfilled for much lighter stops than in the minimal GMSB model. They find that, for N 5 = 1, the approximate optimal choice is λ U 0.7, for which the lightest stop can be as light as 400 GeV if the messenger mass is suitably chosen. The second stop, however, is much heavier, close to 2 TeV. Consequently, the Λ scale might be much lower than in the minimal GMSB, which apparently would amount to a substantial reduction in the electroweak fine-tuning. In addition, the rest of the super-particles (squarks, gluinos, etc.) are also closer to the LHC reach since their masses are proportional to Λ . It should be mentioned here that CPZ used SOFTSUSY to compute m h , so, as discussed above, their conclusions are in the optimistic range.
Nevertheless, this scenario has some shortcomings. Due to the new contributions to scalar masses, m 2 H u gets a negative correction, which can be very important. As a consequence the low-energy (absolute) value of m 2 H u tends to be larger, which implies a more severe electroweak finetuning in eq. (10) . Hence, the reduction of the fine-tuning due to the lighter stops (and thus smaller Λ ) is compensated by this effect. Actually, CPZ noted that, in spite of having lighter stops, the value of µ, and thus the fine-tuning, does not decrease appreciably. Besides, compared with the minimal GMSB scenario, the model contains an extra parameter, namely the λ U coupling. Since we do not know the theoretical connection of this with the other parameters of the model, {Λ , M mess , µ, B}, its fine-tuning parameter, ∆ λ U , should be computed and considered in eq. (11), as we actually did for the Evans and Shih model above. As we will see soon, for large values of λ U , which CPZ consider interesting for LHC phenomenology, the value of ∆ λ U becomes very important and even larger than ∆ Λ .
Concerning the stop masses, according to CPZ, the choice λ U = 0.75 leads to stops as light as possible. We have checked that for that value of λ U , stops are lighter than in the minimal GMSB scenario, though the effect is not dramatic. Demanding m h > 123 GeV requires stops above ∼ 6 TeV (if m h is computed with SusyHD or ∼ 4 TeV with FeynHiggs), somewhat smaller than for the minimal GMSB. Concerning fine-tuning things get worse. Figure 7 shows the fine-tuning associated to Λ in the M mess -Λ plane for λ U = 0.25, 0.75. While for λ U = 0.25 the fine-tuning (∼ 6000 with SusyHD, ∼ 2500 with FeynHiggs) is only slightly worse than in the minimal GMSB, for λ U = 0.75 it becomes more than two times worse. So it does not pay off to go to large values of λ U , even if the stops become lighter.
Actually, for large λ U , the fine-tuning associated to λ U itself becomes even bigger than that associated to Λ . This can be checked in figure 8 . While for λ U = 0.25 the ∆ λ Uparameter is large, but smaller than ∆ Λ , and thus can be ig- nored; for λ U = 0.75 it becomes larger. The situation becomes worse as λ U is increased.
The previous discussion is well summarized by figure 9. In the left panel of figure 9 , we show contour lines of constant m h and (averaged) mt in the λ U -Λ plane for a fixed value of the messenger mass, namely M mess = 10 8 GeV (for other choices of M mess the results are essentially equivalent).
It can be noted that the stop mass is minimized for λ U ∼ 0.7, in agreement with CPZ results. The right panel of figure 9 shows contour lines of constant fine-tuning, i.e. the ∆ Λ parameter. Clearly, the best choice is λ U = 0, i.e. the minimal GMSB scenario. As a matter of fact, for λ U > ∼ 0.55 the finetuning associated to λ becomes dominant, i.e. ∆ λ U > ∆ Λ , so the situation gets even worse. On the other hand, notice also that for large λ U lines are cut. This is due to the (lefthanded) slepton masses falling below the present bounds. This imposes an absolute bound on the size of λ U .
The final conclusion is that, generically, A-terms generated radiatively thanks to the couplings of messengers to the observable fields in the superpotential fail to improve appreciably the fine-tuning of the minimal GMSB model. In some cases they lead to a milder fine-tuning but hardly better than the one per mil level.
A simple scenario
In this section, we consider a simple GMSB scenario that in principle can get a fine-tuning as mild as possible. The model is a variation of the idea put forward by Basirnia et al. in ref. [41] , namely, the generation of the desired sizeable A t -term by the exchange of messengers at tree level.
Let us start with the usual GMSB superpotential, eq. (1), enhanced with two additional terms,
The term proportional to λ coincides with the one used in the CPZ model, but now there is an extra term, proportional to λ , which directly couples the X superfield to the messengers and the standard Higgs fields. As mentioned in section 1, one can always re-define the scalar component of X so that X = 0. Now, however, such a re-definition would induce extra terms in W . So, we will assume for simplicity that the X superfield, which couples to H u and Φ H d as in eq. (21) with no additional terms in W , has a small VEV compared to M mess . Then, one can eliminate the heavy messengers using
Expanding in powers of X and replacing it by its scalar component, X , we get a small correction to the standard top Yukawa term,
. Replacing X by its Fcomponent, we get a trilinear scalar coupling for the stops, with a coefficient
Note that the generated A t -term arises at tree level, so the combination of couplings λ λ /k must be small.
The above model is a modification of the model proposed in ref. [41] . The main difference is that the authors of ref. [41] got a sufficiently small A t by assuming that there was a second spurion, X , with F X < F X , which was the field coupled as in eq. (21) (see their eq. (1.3) ). Here we show that, in fact, this is not necessary. One can live just with one spurion, provided the λ coupling (which was implicitly assumed to be λ = 1 in ref. [41] ) is small enough. This represents a conceptual simplification.
Unfortunately, as stressed in ref. [41] , after integrating out the Φ H u , Φ H d superfields, one not only obtains the modified superpotential eq. (22), but also a modified Kähler potential, K. Namely, replacing Φ H u = −λ XH u /M in the canonical K, one gets a term
in the effective Kähler potential, which leads to an extra contribution to m 2
Comparing eq. (23) with eq. (25), we see that it is not possible to arrange the parameters so that δ m 2 H u is small, since
In other words, a sizeable y t A t implies a sizeable and negative δ m 2 H u . Such a result is a manifestation of the socalled "little A 2 t /m 2 problem" discussed in [25] , i.e. the fact that a large A-term is normally accompanied by a similar or larger sfermion mass-squared. This is bad news for naturalness since the fine-tuning in Λ is proportional to |m H u | 2 , see eq. (15) . Consequently, for a given value of y t A t one should minimize the (negative) size of δ m 2 H u as much as possible. One obvious way is to consider a large λ , without spoiling the perturbativity regime, λ ≤ O(1). In contrast, increasing the number of messengers does not help since there is always a unique combination of them that couples to Q 3 U 3 in eq. (21) . This scenario is illustrated in figure 10 for M mess = 10 8 GeV, N 5 = 1 and λ = 1.5. One can see that, for a given value of m h , there is a value of the λ λ /k combination that nearly minimizes the stop masses and the fine-tuning. Assuming, as usual, a ∼ 2 GeV theoretical uncertainty in the determination of m h , it turns out that the average stop mass can drop to 2.2 TeV while the fine-tuning can be ∼ 2500. Comparing with the minimal GMSB for the same messenger mass (figures 4 and 5), we see that stop masses can be much smaller, though the fine-tuning does not appreciably improve. In fact, it is clearly worse than for the Evans and Shih model of eq. (19), see Fig. 6 , although it is much better than for the CPZ model.
An alternative, and improved situation occurs when the relevant messengers are not Φ H u , Φ H d , but Φ u , Φū, with the same quantum numbers as U 3 ,U 3 [41] . In this case, the relevant superpotential is similar to that of eq. (21), (27) is limited by the requirement of perturbativity for λ . Actually, we have also to ensure that the VEVs of the coloured scalar fields are vanishing. This implies in particular that the final value of m 2 u should be kept positive, which entails an upper bound on A t , namely
where m 2
is the standard value of the minimal version of GMSB. We can refine this analysis by studying the square-mass matrix for the {φū, φ u ,ũ 3 } fields, i.e. before integrating out the messengers. This can be obtained from the scalar potential associated to the superpotential (27) :
Stability requires the two order-two minors of the above matrix to be positive. This coincides with the stability conditions eqs. (3, 4) and (28), respectively. In addition, we must demand the determinant to be positive,
This condition becomes relevant if any of the other two conditions are nearly saturated. Another aspect of this setup is that the messengers cannot belong anymore to the (5 +5), since this does not accommodate an U 3 field. Now, we have to consider copies of (10 + 10), although again only one combination of messengers contributes to the above λ Q 3 Φ u H u coupling.
The fact that the (10+10) representation contains pieces with the same quantum numbers as Q 3 , Q 3 , say Φ Q , ΦQ, allows for additional possibilities. In particular, one can add new pieces, λ Φ Q U 3 H u + λ XQ 3 ΦQ, to the superpotential in eq. (27) (for simplicity, we assume that the couplings have the same size as above). Then, after integrating out all the messengers, both m 2Ũ 3 , m 2Q 3 receive the same negative contribution given by the r.h.s. of eq. (25) . However, now y t A t is two times larger than before, so expression (26) becomes
thus improving substantially the (y t A t ) 2 /δ m 2 t ratio. A final possibility, which actually optimizes the (y t A t ) 2 /δ m 2 ratio, is to consider messengers in the (5 + 5) + (10 + 10). Playing just with a messenger in each representation does not conflict with perturbativity of the gauge couplings for any value of M mess . Then, one can use three messengers in the Φ H u + Φ H d , Φ u + Φū and Φ Q + ΦQ representations, coupled as above to generate effective contributions to y t A t . Assuming again that the λ , λ couplings are the same for all of them, we get a "universal" shift in δ m 2
given by the r.h.s. of eq. (25) , while the generated y t A t term is three times bigger, so
Nevertheless, improving the (y t A t ) 2 /δ m 2 t ratio does not necessarily leads to a milder fine-tuning. As mentioned above, a negative shift in the initial value of m 2 H u increases the finetuning, while the same shift in m 2 u 3 or m 2Q 3 reduces it, since these mass-squared terms enter in the RG shift of m 2 H u with negative sign. Thus, the scenarios corresponding to eqs. (31) and (32) do not improve the fine-tuning with respect to the scenarios with just one messenger Φ u + Φū coupled as in eq. (27) . For the same reason, the scenario that actually optimizes the fine-tuning is the one where the messenger that induces the A-term is Φ Q + ΦQ, rather than Φ u + Φū, because m 2Q [15] . Thus, in this optimized model the superpotential reads (33) and the generated y t A t , δ m 2Q 3 pieces are given by the r.h.s. of eqs. (23) and (25) . This scenario is illustrated in figure 11 , for M mess = 10 8 GeV, N 10 = 1 and λ = 1.5. The pattern is similar to the setup of eq. (21), illustrated in figure 10 , but now one can get substantially milder fine-tuning. Namely, evaluating the Higgs mass with SusyHD (FeynHiggs), for m h > 123 GeV the fine-tuning may drop below 1000 (250). This is even better (though not dramatically) than the optimum model with radiatively generated A-terms identified by Evans and Shih, i.e. that of eq. (19) , illustrated in Fig. 6 ; and hence it is an optimal GMSB model concerning fine-tuning (and playing with minimal matter content).
Let us finally mention that in the kind of scenarios discussed in this section, there is an additional fine-tuning source associated to the new parameters, in particular to the combination λ λ /k, which is proportional to the initial value of y t A t . We have checked that this contribution to the finetuning is smaller than that associated with Λ .
Conclusions
Models with gauge-mediated supersymmetry breaking have become one of the most popular supersymmetric scenarios, especially for their prevention of dangerous FCNC effects. However, these models typically present a high degree of fine-tuning, due to the initial absence of top trilinear scalar couplings, A t = 0. This makes the threshold correction to the Higgs mass, m h , to be far from its maximal value, so the stop masses must be quite large in order to generate sizeable radiative corrections to m h , able to reconcile its value with the experimental one. Such large stop masses (around 10 TeV) imply in turn a large value of Λ ∼ F/M mess and thus a severe fine-tuning in order to get the right electroweak breaking scale.
In this paper, we have carefully evaluated the fine-tuning associated with GMSB, using also the most recent codes for the computation of the Higgs mass in the MSSM, which plays a relevant role for such an evaluation. We show that previous analyses underestimated the fine-tuning of GMSB. The actual one is typically of the order a few per ten thousand in the minimal model. Then, we have examined some proposals which have been made in the literature to improve the situation, incorporating a mechanism to generate the A t term, while keeping the minimal observable matter content. They always involve non-trivial couplings between the messengers and the MSSM superfields in the superpotential.
We find that, even though the stops can be made lighter, this does not necessarily lead to a better fine-tuning. In particular, in the model proposed by Calibbi et al. [34] , an A tcoupling is generated at one loop, so that the stops can indeed be lighter than in the minimal version of GMSB. Nevertheless, we show that the fine-tuning gets actually worse, essentially due to the additional contributions to the scalar masses (especially m 2
H u
). Things are better, however, for the model with radiatively generated A t , proposed by Evans and Shih, which was the most favourable one from an extensive survey of models of this kind [33] .
On the other hand, in the scenario proposed by Basirnia et al. in ref. [41] , the A t -term is generated at tree level and the prospects are generically better. We explore this scenario, proposing a modified (and conceptually simplified) version which is arguably the optimum in the GMSB setup (with minimal matter content) concerning the fine-tuning issue. In this model, the fine-tuning can be better than one per mil. This is still a severe fine-tuning, but substantially milder than in other versions of GMSB, and of the same order as in other MSSM constructions.
We also explore the so-called "little A 2 t /m 2 problem" [25] , i.e. the fact that a large A t -term is normally accompanied by a similar or larger sfermion mass-squared, which typically implies an increase in the fine-tuning. We find the version of GMSB for which this ratio is as large as possible, namely O(10). However, we show that the model that optimizes this ratio does not coincide with the one that has the smallest fine-tuning. On the other hand, the scalar masses arise from two-loop diagrams. Calculation of these graphs gives: 
where Li 2 is the dilogarithm (Spence's function).
Appendix A.2: Models with radiatively generated A-terms
In these models, the presence of cubic operators in the superpotential, involving MSSM and messenger superfields, leads to trilinear couplings generated at one-loop level [21, 23] . In addition, the following contributions to the scalar soft masses appear at one loop: There are also two-loop contributions to the soft scalar masses that read
